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ABSTRACT

If p(z) is a polynomial of degree n having no zero in|z| < 1, then forr < 1,the famous result proved by T.J.
Rivlin, [Amer, Math. Monthly, 67(1960), 251-253] is
n
M(pr) = (Z5) M(p,1).
This inequality is sharp. In this paper, by involving some coefficients of the polynomial, we improve as well as

generalize this inequality and has interesting consequences.
Keyword: Polynomial, Inequalities, Maximum Modulus.

1. INTRODUCTION AND STATEMENT OT THE RESULTS
Let p(z)=¥"_,a,z" be a polynomial of degree n, and letM(p,1) = mcgﬂpﬁzﬂ. Then the following inequalities

concerning the maximum modulus of a polynomial on a circle |z] = Rare known.

M(p,R) <R"M(p,1),R = 1. (1.1)
and

M(p,r)=r"M(p, )r <1 1.2)

Inequalities (1.1) and (1.2) are sharp and equality holds forp(z) = Az", A = Obeing a complex number.
Inequality (1.1) is a simple deduction from the Maximum Modulus Principle [5, 3]. Inequality (1.2) is due to
Zarantonello and Varga [7].
If we restrict ourselves to the class of polynomials not vanishing in|z| < 1, inequality analogous to (1.2) was
obtained by Rivlin [6].
Theorem A. If p(z) is a polynomial of degree n having no zero in|z| < 1, then forr < 1,

M(p,7) = (%)n M(p, 1). (1.3)

a+fz

Inequality (1.3) is sharp and equality holds for the polynomialp(z) = ( .

n
) , where|a| = |B].

Govil generalized Theorem A [1, Theorem 1] by proving.
Theorem B. If p(z) = ¥'_,a,z"is a polynomial of degree n having no zero in |z| < 1, thenfor0 <+ <R = 1,

M(p1) = (ﬂ)n M(p,R). (1.4)

1+R
The result is best possible and equality holds for the polynomialp(z) = (z + 1)™.

Recently, Govil and NwaeZe [2] have considered a more general class of polynomials p(z) = ay + Xi-,a,z"
1 < u < n not vanishing in |z| < 1and proved an extension as well as sharpening of Rivlin’s inequality (1.3).

Theorem C. Let p(z) = ap+ Xj-,a,z" is a polynomial of degree n having no zero in |z| < 1, then for

0<=1r<1,
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n
U

M (p.r)= (1+r'u)n {M(p,1)+nmln(%j}. (1.7)

n n
H "

(mﬂj @)~

where
m = min[p(2)]
In this paper, under the same set of assumptions of Theorem C, by involving certain coefficients, we prove the

following inequality which improves the bound given by Theorem C. More precisely, we obtain
Theorem. Let p(z) = ay + Xj-,a,z" be a polynomial of degree n having no zero in|z| < 1,k =1, then for

0=r=1,
1

E™| . !
i u—1
=1 1 - x +?! ﬂU *
rigerpn ), ————dxpdt
1 HTH T
at W&“+r;+l

Remark 1.1. By lemma 2.5, it is evident that the R.H.S (1.8) dominates over that of (1.7) and thus our theorem
gives better bound.

Remark 1.2. Putting u = 1in Theorem C, we have under the same hypotheses, the following improvement of the
famous result due to Rivlin [6].

Corollary 1.1. If p(z) is a polynomial of degree n having no zero in|z| < 1, then for0 < r < 1,

M(p1) = (%)n [M[p, 1) + nmin (ﬁ)} (1.9)

M(p,1) = [M (p, 1) + mnin (&)} l (1.8)
1+n

Where m = mirﬂp(zﬂ.

Where m = mirﬂp(zﬂ.

a+fz

n
F2)", where|a| = |B].

Inequality (1.9) is sharp and equality holds for the polynomialp(z) = (

Remark 1.2. If we put g£ = 1 in Lemma 2.5, we have, in particular

n
A, e
1+ialt+t2
" 1| 1y
(i) 1> ! | 0 dt . (1.10)
1+r n. 1+t
a2
1+gir+r2
n
4%

Further, if we put u = 1in our theorem and make use of inequality (1.10), we have
Corollary 1.2. If p(z) = Y-, a,z" is a polynomial of degree n having no zero in|z| < 1, then for0 < r < 1,
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1+7mr+r
M (p.r)> M(p,1)+mnln( 2 j i . (1.11)
1+r n
n 1+2Ht+t2
2 1
1+2‘al‘r+r2 +n] "0 dt
1+t
‘ o‘ r
. . . . a+fz\"
Inequality (1.11) is sharp and equality holds for the polynomialp(z) = ( . ) , Where|a| = |£].
n
1+Hr+r
Again, the quantity "0 appearing in the R.H.S of (1.11) is greater than or equal to
1+—‘al‘t+t
1 ")
1+n]f 0 dt
r 1+t

T
(%) and hence corollary 1.2 further improves corollary 1.1, which, in turn, improves Theorem C due to Rivlin

[6].
11 Lemmas
To prove the theorem, the following lemmas are required.

Lemma 2.1. If p(z) , is a polynomial of degree n having no zero in the disc |z| < k,k = 1, then

max[p'(2)| < 1H{maxlroiz)l - mmlp(z)l} 2.1)
Lemma 2.2. If p(z) = ay + Y-, a,z" 1 =pu =n, is a polynomial of degree n not vanishing in|z| < 1, then for

0O<=r=R=1,

I} #lﬂﬂl u—1

M(p,7t) = exp [—n . +dt]M@ R). (2.2)

L B i

and

EM “<1 2.3
n|a0|k—- (2.3)

This lemma was proved by Qazi [4, Theorem 1 and Remark 1].
Lemma 2.4. If p(z) = ay + Xj=,a,2"1 < u < n, is a polynomial of degree n having no zero in |z| < 1, then for
0<r=R=1,

plogl L g L]

| a 1+t
—l_l

tH (tF+1)+1

050204 www.iord.in 18



International Organization of Research &Development (IORD)
ISSN: 2348-0831
Vol. 08 Issue 01 | 2020

Proof of Lemma 2.4. Since p(z) #0 in|z| < 1, the polynomial P(z) = p(tz) = 0in |z| {%, %2 1 where
0 < t = 1 Hence applying inequality (2.3) of Lemma 2.2 to P(z) , we get
aylet () n
g (I) = u (25)
where m = min|p(z)| = min|p(tz)| = min|p(z)|.
minlp()] = minlp(£2)| = i (=)
Now, (2.5) becomes
19u] -1
lagl — &’
which is equivalent to
::llz*u‘lt“ Ligm 1 26)

ramlenl =y
I B gy D
nlagl

Integrating both sides of (2.6) with respect to t from -to R where 0 <r < R < 1, we have

“lﬁ#lr“ 1 pH :I.
R nlﬂul dt < J'
r

r
rP+1+ (r#+z|+1

t* +1

which is equivalent to

lagl ,—
R ::Inﬁlt# i
—n dt <

r
gl BTy
nlagl

which implies

M| H t/l_1+tﬂ n
n

Ryu—1 4y
dt > <exp —njt dt |= Sl *
rtH +1 1+RH

ﬂ 1 /“‘ / ‘ #

n
%

which proves Lemma 2.4 completely.
Lemma 2.5. If p(z) = ay + Xj=,a,2"1 < u < n, is a polynomial of degree n having no zero in |z| < 1, then for
0=r=1,

Illﬁ.Fllx;: —1 et
u u{(Z)ﬂ —(1+ r)-"} =n —exp nf i“_”llﬂ—lidx dt. (2.7)
(1+rH)n T+t ptl %(x—“+xl+l

Proof of Lemma 2.5. Since0 < r < t < 1, on applying Lemma 2.5, we have

n i -
#l Pl i :l+_rp

1n 1+e# n nlagl
T+ (1-”#) _L. 1+ exp[ f #+1+P|| #I(’x#+.r‘|+1dx dt. (28)

AsD=t=1,1+thr<1+tforu=12,......... L1
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Un /14t\e ' n /14t\s

f—( )drg —(—) dt

Tttt CTHENI o
1

n 1 n_
=Hu— n (1 + t)“ ! dt
1 +ru)i r

s | @ - 0]

10 [1+tH E 1 z z
or [ () ar < p—s|@F - +'r)#]. 2.9)

1+rH (14r8)H
Combining (2.8) and (2.9), we obtain the required result.

1.2 Proof of the Theorem
Since p(z) has no zero in|z| < 1, then for0 < t = 1, the polynomial P(z) = p(tz) has no zero in |z| < %‘ where

% = 1. Hence applying Lemma 2.1 to the polynomial P(z), we get

' n .
max|P'(2)| < w[mglﬁz)l —EI:?;IP(Z)I]
which implies
maxlp @) = 2 {marlp(@)| - minkp @1} @)
Now, for 0 < r < 1and0 < 8 < 2, we have |p(e*®)—p(re?)| < fr1|p'l:tef‘9]|dt
and it is implied that [p(e®®)| < [p(re®®)| + [ [p (te®)|dt,
which on using (3.1) leads to [p(e™®)| < [p(re®®)| + {[ =M (p,)dt — [T Z=m(p, 1)dt}.

r 1+t
which implies on considering maximum over & that

M(p,1) < M(p,r) + ([} Z-M(p, t)dt — [* Zm(p, Dat} (3.2)
Since r < t, by applying inequality (2.2) of Lemma 2.2 with R = t, we have

IFs Plﬂﬂl =1

+
M(p,t) < exp {n f:%ﬂ—zf'— dx] M(p,1). (3.3)
.r“+1+u|ﬂu|(.r“+t,l+l

Using (3.3) to (3.2), we obtain
u #|“#|

M(p,1) < M(p,7) + nM(p,7) ljrl Iexp[ [N * +n|au| dx]dt j —m(p 1)dt

r
il B I I(.r#+z|+1

= M(p,r) + nM(p,7) :_steap dxtd Dnin () 3.4
= . t| — m(p, 2. .
(p T)+n (p T J-J" 1oz exp J-J" W X m(p Timn Tor ( )

Inequality (3.4) is equivalent to
1

2
.1 2 3 1)+ i () T
" xP-I—H 2a xh—1
L) g ey m i ———d de
x#+11—|—rn agiet HEltL

and hence completes the proof of the Theorem.

REFERENCES

050204 www.iord.in 20



International Organization of Research &Development (IORD)
ISSN: 2348-0831
Vol. 08 Issue 01 | 2020

[1]. N.K. Govil, Some inequalities for derivatives of polynomials, J. Approx. Theory, 33(2017),219-228.

[2]. N.K. Govil and Eze R. Nwaeze Some sharpening and generalizations a result of T.J. Rivlin, Anal. Theory
Appl., 66(1991),29-35

[3]. G. Pélya and G. Szegd, Aufgaben and Lehratze ous der Analysis, Springer-Verlag, Berlin, 1925.

[4]. M.A. Qazi, On the maximum modulus of polynomials, Proc. Amer. Math. Soc., 115(1992), 337-343.

[5]. M. Riesz, Uber einen Satz der Herrn Serge Bernstein, Acta. Math., 40(1918), 337-347.

[6]. T.J. Rivlin, On the maximum modulus of polynomials, Amer, Math. Monthly, 67(1960), 251-253.

[7]. R.S. Varga, A Composition of the successive over relaxation method and semi-iterative methods using
Chebyshev polynomials, J. Soc. Indust. Appl. Math., 5(1957), 44.

050204 www.iord.in 21



