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ABSTRACT

If p(z)is a polynomial of degree n having no zero in |z| < k,k =0, then for 0 <r <R <k,
integerss,1 < s < n andg > 0, we prove

(%1 |p° (Re")[ d&J: <n(n-1).....(n-s+1) Dq{[RNJH{M (p,f)—m}}

r+k

1 2z g _a
Where, Dq:(Z_'[ ‘ks +R%€"“| da . Our result gives some interesting well-known results as
T

corollaries.
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1. INTRODUCTION AND STATEMENT OT THE RESULTS
Let p(z) = Y-, a, z¥ be a polynomial of degree n and p (z) be its derivative, then for g = 0,

1 1
(P ()] a6} < n {f;7p ()| a6} (L.1)
If we let g — «cin (1.1) and make use of the well-known fact from analysis [16, 17] that
1
tim (- [ "lp(e®)"a8}" = max|p(), 12)
we obtain the following iqequalities
max|p (2)] < npaxp(2)], (13)

Inequality (1.3) is a classical result due to Bernstein [4].
If we restrict ourselves to the class of polynomials having no zero in|z| < 1, then inequality (1.1) can be

improved. In fact, the following results are known.

Theorem A If p(z)is a polynomial of degree n having no zero in|z| < 1, then for eachg = 0,
1 1

(J771p ()] a8)* < nc, {3 Ip(e)|"as)’, (14)
1

Where ¢, = {if;ﬂl + ef“|qdar} ’
In (1.4), equality occurs forp(z) = az™ + 8, |a| = |8
Forg = 1, Theorem A was found by de-Bruijn [6] and later independently proved by Rahman [13]. For the
special caseq = 2, it was proved by Lax [12]. Rahman and Schmeisser [14] showed that (1.4) remain valid for
0<qg<1aswell

For the class of polynomials having no zero in the disc|z| < k,k = 1, Govil and Rahman [10] proved
the following inequality (1.5) forg = 1.

Later it was shown by Gardner and Weems [9], and independently by Rather [15] that inequality (1.5)
also holds for0 < g < 1.

Theorem B. If p(z) is a polynomial of degree n having no zero in |z| < k, k = 1, then for g > 0,

(270 ()7 a8} < nF, {["Ip(®) a8}, (15)
where
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1 p2mw T a

Fo={JJ7 [k + e'|*da} ®
Dewan and Bidkham [7] generalized the famous result due to Malik [11] by proving

Theorem C. If p(z) is a polynomial of degree n such that it has no zero in |z| < kk = 1, then for
1=R <=k,
(R+k)™™

maxlp (D] <n t-H;‘.:,nlmfglp{z)l. (1.6)

.y 1T
The result is best possible and extremal polynomial is p(z) = (E) .

Barchand and Dewan [5] obtained a generalization as well as an improvement of (1.6) by considering
the sth derivative ofp(z).

Theorem D. If p(z)is a polynomial of degree n having no zero in |z| < k,k = 0, thenfor0 <=+ <R < k, and
1=s5=mn,

nin—1)u. t':n—s+1| R+A

mgﬁglps @)= R7+R° r+J. h’n] Ip(2)] —m] 1.7
Where m = m:z?}{|p(z)|.
The result is best possible for s = 1 and equality in (1.7) holds forp(z) = (z + k)".

In this paper, we obtain an |_q version of Theorem D which has some interesting consequences. More

precisely, we have
Theorem. If p(z)is a polynomial of degree n having no zero in |z| < k,k =0, then for
0 <r =R =k, integerss,1 <5 <nandg = 0,

q q R+k )"
R'Q)‘de <n(n=1)....... —s+1 ( jM,— Y
Zﬂo\p : 1(0-1).n(n=s+1)Cq| [T | M(P)-m}|, a9
21
s psald q .
Where Cq = ‘ k®+R>e ‘ da andm = m:z?}{|p(z)|.

Remark 1.1. Taking Iimit as q — =oin the inequality (1.8), we obtain inequality (1.7) of Theorem D.

Remark 1.2. If we put r = 5 = 1in (1.8), we get an integral analogue of a best possible result proved by Aziz
and Shah [3, Corollary 5] which is further an improvement of Theorem C due to Dewan and Bidkham [7].
Corollary 1.1. If p(z)is a polynomial of degree n having no zero in |z| < k,k = 0, then for 1 <R <k,
andg = 0,

1

‘p Re'e)‘qde T <ngg (Rﬂfj {M(p.2)-m} |,

27[0
1

127 ik q
Where Eq=|_—— [ |k+Re ‘ da andm=mi?i|p[z)|.
27 z|=k
0

Remark 1.3. Further, on putting R = k = 1in our theorem, we have
Corollary 1.2. If p(z}is a polynomial of degree n having no zero in |z] <1, then for 0 <r <1,
integerss,1 < s < n andg > 0,

1

‘p ‘qde aSn(n—l) ....... (n—s+1)Eq (%Jn{M(p,r)—m} , (L.9)

1272'
2720
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2z

where Eq:[ij‘ ‘1+eia

27 3,

q
q da] andm = mi?}‘_|p(z)|.

For s = r = 1, corollary 1.2 becomes the |9 version of a result due to Aziz and Dawood [1].

11 Lemmas
Lemma 2.1. If p(z) is a polynomial of degree n which does not vanish in |z| < k, k = 1, then for each g = 0
and integerss,1 < s < n,

1 1

2z io\|9 q 27 o r -

ij ‘ps(ele)‘ de qgn(n—l) ....... (n-s+1)Bq ij ‘p(eue) do |
27 27 |

1
1% : q
Where B = —_[ k*+e“'da| .
T\ 27y
This result was proved by Aziz and Shah [2].

Lemma 2.2. Letp(z) =ay+Xj-,a,z%1<u<=n, be a polynomial of degree n having no zero in
lz| < kk =0, thenfor0 <r <R <k,

M(p,R) < M(p,7) (“““"“)E - {(“““’“ )E - l}m,

rH e At

where m |?|=Tm|p(z)|'

The result is sharp and equality holds for the polynomialp(z) = (z* + k*)# where n is a multiple of .
This lemma is due to Dewan at. al [8].

1.2 Proof of the Theorem
If p(z) has no zero in|z| < k, k = 0 and if0 = r < R < k, then p(Rz) has no zero in|z| < %, % =1.

For any complex number asuch that|e| < 1, the polynomialP(z) = p(Rz) + am, where m = mi?i|p(z)| has no
z|=k
zero in |z] < E. It follows trivially in casem. Supposem =0, then on the circle|z|] = %,

mi?}(|p[Rz)| =m£7}‘|p(z)| =mand therefore for|z]| =g, |a m|< m=|p(Rz)|. Thus by Rouche’s theorem
lzl=5 =

P(z)has no zero in the open disc|z| < %. If we apply Lemma 2.1 toP(z), we get

1 1
27 . 27 NN ¢
ij Ps(e“g)‘qde a <n(n-1)...... (n—s+1)(:q ij ‘P(e'e)‘ do q’ (3.1)
27 0 27 0
1
Where C ¢ = 2—j' (E) +e da
70

Inequality (3.1) is equivalent to
1

Rs(%zf ‘ps(ReiQ)‘q dgjq <n(n-1).....(n—-s+1) Bq[%zf ‘p(Reia)ﬁtozm‘r de}q :

That is,

(zizf ps(Re‘G)‘qdequn(n—l) ....... (n—s+1)Dq[$T‘p(Re“’)+am‘rd0] on(32)

%
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1
h (LT ks re da | |
Where Dq— .([ ‘ +R’e o
Now, we have for any & with 0 < 6 < 2m,
lp(Re®®) + am| imgﬁp[ﬁ?z) + am)|. (3.3)

Suppose at some z, on |z| = 1, |p(Rz) + am]attains its maximum.
Then ﬁ(ﬁ@[}?z) + am| = |p(Rzy) + am|.

In |p(Rz,) + am]|, we choose suitable argument of asuch that
Ip(Rzo) + am| = [p(Rzy)| — |am

= max|p(R2)| — |a|m, (3.4)
Combining (3.3) and (3.4), we get

0 -
[p(Re®) + am| < max|p(R2)| — |a|m. (3.5)
Using Lemma 2.2 for u = 1 in (3.5), we have

- -y T -y T
|p[:Re’9) + trm| < M(p,7) (E) — {(E) — l}m — |a|m. (3.6)

If we make use of inequality (3.6) in (3.2), we are lead to

3.7)

Finally by letting |a| — 1in (3.7), we obtain the desired result and the proof of the theorem is completed.
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